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HIDA DUALITY AND THE IWASAWA MAIN CONJECTURE
MATTHEW J. LAFFERTY
Abstract. The central result of this paper is a refinement of Hida’s duality theorem between
ordinary Λ-adic modular forms and the universal ordinary Hecke algebra. Specifically, we
give a necessary condition for this duality to be integral with respect to particular submodules
of the space ordinary Λ-adic modular forms. This refinement allows us to give a simple proof
that the universal ordinary cuspidal Hecke algebra modulo Eisenstein ideal is isomorphic
to the Iwasawa algebra modulo an ideal related to the Kubota-Leopoldt p-adic L-function.
The motivation behind these results stems from Ohta’s proof of the Iwasawa main conjecture
over Q. Specifically, the most general application of this argument, which employs results on
congruence modules and requires one to make some restrictive hypotheses. Using our results
we are able to extend Ohta’s argument and remove these hypotheses.
1. Introduction
In order to fix notation, we begin by recalling the setup and statement of the Iwasawa main
conjecture over Q. We fix a prime p ě 5 throughout. For an arbitrary Dirichlet character ϕ, we
let Mϕ and fϕ denote its modulus of definition and conductor, respectively. For a non-negative
integer n, we denote the primitive character associated to the product ϕω´n by ϕn, where ω
is the usual Teichmu¨ller character. To keep the notation compact and avoid ambiguity we set
ϕ´1n “ pϕnq
´1. Let θ and ψ be Dirichlet characters (possibly imprimitive) such that p ∤ Mψ,
p2 ∤Mθ, and θψ is even. Define
F “ abelian extension of Q corresponding to kerpθp´2q X kerpψ0q,
F8 “ cyclotomic Zp-extension of F ,
H8 “ maximal unramified pro-p abelian extension of F8.
The group GalpF8{Qq acts on X8 :“ GalpH8{F8q via conjugation, and our assumptions on
Mθ andMψ imply that GalpF8{Qq – ∆ˆΓ, where ∆ :“ GalpF {Qq and Γ :“ GalpF8{F q – Zp,
making X8 a Zpr∆sJΓK-module.
Set ξ “ pθ´1ψq0 and let Oξ “ Zprξs denote the ring generated over Zp by the values of ξ.
We remark that our choice of ξ is inverse to that of Ohta. Define
X8,ξ1 “ X8 bZpr∆s Oξ,
where the homomorphism Zpr∆s Ñ Oξ is induced by ξ1. It can be shown that X8,ξ1 is a finitely
generated torsion OξJΓK-module, and the structure of such modules is well understood. Let
γ be a topological generator of Γ, and identify the Iwasawa algebra OξJΓK with Λξ :“ OξJXK
through the continuous Oξ-linear map induced by γ ÞÑ 1`X . We then have a homomorphism
X8,ξ1 Ñ Λξ{pf1q ‘ ¨ ¨ ¨ ‘ Λξ{pfrq
with finite kernel and cokernel, where the fi are non-zero elements of Λξ. We refer to such a
homomorphism as a pseudo-isomorphism. While the fi are not uniquely determined by X8,ξ1 ,
their product is. The ideal pf1 ¨ ¨ ¨ frq Ă Λξ is called the characteristic ideal of X8,ξ1 , which we
denote by CharΛξpX8,ξ1q.
Next, we recall that if ϕ is a Dirichlet character with conductor not divisible by p2, then
there exists a unique element
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F pX,ϕq P
"
ZprϕsJXK ϕ ‰ 1
1
X´pZpJXK ϕ “ 1,
where 1 denotes the trivial character modulo 1, such that for all integers k ě 2 and Q
ˆ
-valued
characters ǫ on 1` pZp having p-power order,
F pǫpuquk´2 ´ 1, ϕq “ Lppk ´ 2, ϕǫ
´1q,
with u :“ 1` p and Lpps, ϕǫ
´1q denoting the Kubota-Leopoldt p-adic L-function associated to
the character ϕǫ´1 [Wa, Theorem. 7.10].
Theorem 1.1 (Iwasawa main conjecture over Q). We have the following equality of ideals,
CharΛξpX8,ξ1q “
`
F pX, ξ´12 q
˘
.
The main conjecture was first proven by Mazur and Wiles [MW], and has since been proven
in even greater generality. In [W2], Wiles simplified the proof in his paper with Mazur while
generalizing it to extensions of totally real fields, including the case when p “ 2. Around
the same time, Rubin gave a much simpler proof of the main conjecture over Q (resp., over
imaginary quadratic fields) using a tool from Galois cohomology known as an Euler system
[Ru]. More recently, Ohta has given a simple proof in the spirit of Mazur and Wiles [O2,
O3, O4, O5, O6]. The most general application of Ohta’s argument [O4] employs results on
congruence modules which require the following hypotheses:
(H1) p ∤ ϕpNq (ϕ is Euler’s totient function),
(H2) the pair pθ, ψq is non-exceptional : pθψ´1qp´2ppq ‰ 1.
The results in this paper were obtained in an effort to extend Ohta’s proof in [O4] by circum-
venting the obstructions arising from his congruence module argument.
Before giving a summary of the main results that will be used to extend Ohta’s proof, we
want to briefly comment on why one might be interested in doing so. Recently, Sharifi [S] has
conjectured a deep relationship between X8 and p-adic Eichler-Shimura cohomology groups
of modular curves, and one can show that the Iwasawa main conjecture over Q is a shadow
of this deeper relationship [FKS]. However, Sharifi’s constructions incorporate Ohta’s work
on the main conjecture, and as such the above hypotheses are assumed. By removing these
hypotheses in the context of Ohta’s proof of the main conjecture, one hopes to be able to free
Sharifi’s conjectures of them as well.
1.1. Main results. We fix algebraic closures Q and Qp, and denote the completion of Qp by
Cp. Throughout this paper O will denote the ring of integers of a complete subfield of Cp with
uniformizer π. We set Λ “ OJXK. Fix a positive integer N coprime to p satisfyingMθMψ | Np.
Let MΛ (resp., SΛ) denote the space of ordinary Λ-adic modular forms (resp., ordinary Λ-adic
cusp forms) of level N , and HΛ (resp., hΛ) Hida’s universal ordinary Hecke algebra (resp.,
universal ordinary cuspidal Hecke algebra) of level N . It is well known that MΛ, SΛ, HΛ, and
hΛ are free and finitely generated Λ-modules.
For the moment, let us assume that O contains all roots of unity. In [O4], Ohta considers
the following exact sequence of HΛ-modules,
0 ÝÝÝÝÑ SΛ ÝÝÝÝÑ MΛ
ResΛÝÝÝÝÑ CΛ ÝÝÝÝÑ 0,
where ResΛ is the Λ-adic residue map and CΛ is the space of ordinary Λ-adic cusps. Of particular
interest is the image of ordinary Λ-adic Eisenstein series under ResΛ, as understanding this
image allows one to determine congruences between such series and ordinary Λ-adic cusp forms.
For an Eisenstein series E P MΛ associated to a pair of primitive, non-exceptional characters,
Ohta was able to determine ResΛpEq by localizing the above sequence at the Eisenstein maximal
ideal M :“ pπ,X,AnnHΛpEqq Ă HΛ. Specifically, he was able to isolate the image of E under
the Λ-adic residue map by showing that the localization CΛ,M is a free Λ-module of rank
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1. Unfortunately, this argument cannot be extended to Eisenstein series associated to pairs
of exceptional characters, as CΛ,M in this case is free of rank 2. In this paper, rather than
localizing the above sequence at M, we compute the image of Eisenstein series associated to
arbitrary pairs of characters under the Λ-adic residue map directly.
Theorem 4.8. Suppose t is a positive integer coprime to p satisfying MθMψt | Np, and let
Eθ,ψ;t PMΛ denote the Eisenstein series associated to the tuple pθ, ψ, tq. Then
ResΛpEθ,ψ;tq “ Aθ,ψ ¨ eθ,ψ;t
for an explicitly determined eθ,ψ;t P CΛ, with
Aθ,ψ :“ δθ,ψpXq
¨˚
˚˝ ź
ℓ|fθfψ
ℓ∤fξ
pp1`Xqspℓq ´ ξpℓqℓ´2q
‹˛‹‚F pu´1p1`Xq´1 ´ 1, ξ´12 q P Λξ
where
δθ,ψpXq “
"
u´1p1`Xq´1 ´ u´2 pθ0, ψ0q “ pω
´2,1q
1 pθ0, ψ0q ‰ pω
´2,1q.
Furthermore, eθ,ψ;t R mCΛ, where m denotes the maximal ideal of Λ.
We note that when pθ0, ψ0q “ pω
´2,1q, we have Aθ,ψ P ZpJXK
ˆ [Wa, Lemma 7.12].
Let us now ease our restriction on O, and assume only that O contains the values of θ and
ψ. Using the above theorem we are able to construct a canonical element Fθ,ψ;t P MΛ that
maps to eθ,ψ;t P CΛ under the Λ-adic residue map. This form arises from congruences between
Eθ,ψ;t and ordinary Λ-adic cusp forms, and has the following nice properties:
(1) Fθ,ψ;t R mMΛ.
(2) When ψ “ 1, we have a0pFθ,ψ;tq P Λ
ˆ.
(3) Fθ,ψ;t is a Hecke eigenform modulo SΛ, whose eigenvalues agree with those of Eθ,ψ;t.
Using the above properties and the congruences that define Fθ,ψ;t, we are able to prove the
following refinement of Hida’s duality theorem.
Theorem 5.5. Let V be a free Λ-submodule of MΛ that contains SΛ and is stable under the
action of HΛ. Denote the quotient field of Λ by QpΛq and define
V0 “ tF P V bΛ QpΛq : anpF q P Λ for all n ě 1u.
Because V is stable under the action of HΛ, we know that
V bΛ QpΛq “ xEθ1,ψ1;t1 , . . . , Eθm,ψm;tm , F1, . . . , FsyQpΛq
where the tuples pθi, ψi; tiq are distinct and tF1, . . . , Fsu is a Λ-basis of SΛ pHere we are assuming
that O contains the values of all θi and ψiq. Define HpVq to be the Λ-subalgebra of EndΛpVq
generated by the Hecke operators tTn : n ě 1u.
If the following conditions are satisfied for all integers i and j with 1 ď i ă j ď m:
piq pθiq0 ı pθjq0 pmod πq or pψiq0 ı pψjq0 pmodπq,
piiq pθiq0 ı pψjω
´1q0 pmodπq or pψiq0 ı pθjωq0 pmodπq.
we have V0 “ xFθ1,ψ1;t1 , . . . ,Fθm,ψm;tm , F1, . . . , FsyΛ ĂMΛ and the pairing
V0 ˆ HpVq Ñ Λ : pF,Hq ÞÑ a1pF |Hq
is perfect.
For the remainder of this subsection, let us assume that MθMψ “ N or Np and O “
Zprθ, ψs. As we will see later, the former assumption ensures that Eθ,ψ;1 is a normalized common
eigenform for HΛ. Using the above refinement of Hida’s duality theorem we are able to give a
simple proof of the following proposition.
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Proposition 5.6. Let Iθ,ψ denote the image of AnnHΛpEθ,ψ;1q in hΛ. Then we have the fol-
lowing isomorphism of Λ-algebras
hΛ{Iθ,ψ – Λ{pAθ,ψq.
The form of this result is well known. It was first proven by Mazur and Wiles in the
case when ψ “ 1 and θ is primitive and non-exceptional [MW]. In [O4], Ohta removed the
triviality condition on ψ, proving the result for pairs of primtive, non-exceptional characters.
Unfortunately, his proof requires the Iwasawa main conjecture over Q. Using Katz’s p-adic
modular forms, Emerton has given a proof of the above isomorphism in the case when ψ “ 1
and θ is a nontrivial power of the Teichmu¨ller character [E]. In fact, his method was the
inspiration for the proof of Theorem 5.5. The novelty of our approach lies in its simplicity and
generality. Specifically, our proof does not require the Iwasawa main conjecture over Q and
makes no restrictions on the characters θ and ψ apart from those required in the definition of
the ordinary Λ-adic Eisenstein series Eθ,ψ;1.
With the above results in hand we are able to extend Ohta’s proof of the main conjecture.
Let us give a brief overview of how we will go about doing so. For reasons that will be made
clear later, it suffices to construct an unramified pro-p abelian extension L8 of F8 satisfying
the following conditions:
(H1) ∆ acts on GalpL8{F8q via ξ1,
(H2) CharΛξpGalpL8{F8qq “
`
F pX, ξ´12 q
˘
.
To construct such an extension we will consider the Galois representation arising from the
p-adic Eichler-Shimura cohomology group of level N . Specifically, by applying the method of
Kurihara [Ku] and Harder-Pink [HP] to this representation, we are able to construct a pro-p
abelian extension L{F8. Without assuming (H1) or (H2) it is possible that this extension is
ramified. However, the method of Kurihara and Harder-Pink also supplies us with an embedding
of GalpL{F8q into the reduction modulo Eisenstein ideal of a particular lattice of the quotient
field of Hida’s universal ordinary cuspidal Hecke algebra. Through this embedding we are able
understand the structure of GalpL{F8q as an Iwasawa module. In particular, we can show that
∆ acts on GalpL{F8q via ξ1. We then use this structure to determine not only which primes
can ramify in the extension L{F8, but also how this ramification manifests itself in terms of
the characteristic ideal of GalpL{F8q.
Lemma 6.7 ([O4], Lemma A.2.1). Let ℓ ‰ p be a prime and Kℓ{F8 the maximal subextension
of L{F8 in which the primes above ℓ are unramified. The Galois group GalpL{Kℓq is a cyclic
Λξ-module annihilated by bℓpXq :“ p1`Xq
spℓq ´ ξ´11 pℓqℓ.
Lemma 6.8. Let ℓ be a prime. If ℓ ∤ N or ξ2pℓq is not a p-power root of unity, then ℓ is
unramified in L{F8.
Let Lun{F8 be the maximal unramified subextension of L{F8. Using Lemmas 6.7 and
6.8 in combination with the theory of Fitting ideals, we will show CharΛξpGalpL
un{F8qq “
pF pX, ξ´12 qq. With the main conjecture in hand, we conclude by determining the characteristic
ideal of GalpL{F8q.
Lemma 6.12. Let A˜ denote the image of Aθ,ψ under the involution induced by X ÞÑ u
´1p1`
Xq´1 ´ 1. Set A˜0 “ A˜{X if the pair pθ0, ψ0q is exceptional, with A˜0 “ A˜ otherwise. Then
CharΛξpGalpL{F8qq “ pA˜0q.
1.2. Outline. In Section 2 we briefly recall notation and results from the theory of classical
modular forms and their Hecke algebras that will be needed in subsequent sections. We then
describe the construction of Hida’s universal ordinary Hecke algebra.
In Section 3 we recall the definition of ordinary Λ-adic forms following Ohta [O2]. After
recording several well known results on the structure of the space of ordinary Λ-adic modular
forms, we introduce Λ-adic Eisenstein series and prove several results pertaining to these forms.
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In Section 4 we introduce the ordinary Λ-adic cuspidal group and the Λ-adic residue map.
We then compute the image of Λ-adic Eisenstein series under this map.
In Section 5 we prove our refinement of Hida’s duality theorem, and use this refinement to
give a simple proof of the isomorphism hΛ{Iθ,ψ – Λ{pAθ,ψq.
Finally, in Section 6 we will use the results of the previous section to extend Ohta’s proof of
the Iwasawa main conjecture over Q.
1.3. Notation and conventions. We fix embeddings Q Ñ Qp and Q Ñ C. Through these
embeddings we may consider a Dirichlet character as taking values in C or Qp. For a field F ,
we set GF “ GalpF {F q.
For a character χ and any positive integer n, let χpnq denote the (possibly imprimitive)
character defined modulo lcmpMχ, nq that is induced from the character χ.
For all integers r ě 1 we set Ur “ 1` p
rZp. Note that u “ 1 ` p is a topological generator
of U1.
Finally, for a positive integer M we set
Γ1pMq “
"ˆ
a b
c d
˙
P SL2pZq : a, d ” 1 pmodMq, c ” 0 pmodMq
*
.
We let Nr “ Np
r and Γr “ Γ1pNp
rq Ă SL2pZq.
1.4. Acknowledgements. The author would like to thank Romyar Sharifi for suggesting this
problem, as well as his guidance, insight, and encouragement.
2. Classical modular forms and Hida’s universal ordinary Hecke algebra
Let k be a non-negative integer. For a positive integer r, we denote the space of holomorphic
modular forms (resp., cusp forms) of weight k with respect to Γr by Mk,r (resp., Sk,r). The
weight k action of α P GL`2 pRq on Mk,r is defined by
pf |kαqpzq “ detpαq
k{2pcz ` dq´k fpαpzqq for α “
ˆ
a b
c d
˙
.
To make the notation more compact, we will often omit the weight from the notation for this
action. We identify each f P Mk,r with its unique q-expansion and denote the n
th coeffeicent
of this expansion by anpfq. We set
Mk,r,Z “Mk,r X ZJqK
Mk,r,O “Mk,r,Z bZ O
with Sk,r,Z and Sk,r,O defined analogously.
We now recall the definition of Hecke operators in terms of double cosets. For any α P
GL`2 pQq, the double coset ΓrαΓr “
š
i Γrαi acts on Mk,r as follows:
f |rΓrαΓrs :“
ÿ
i
f |αi.
For all integers n ě 1, we denote the operator associated to the double coset
Γr
ˆ
1 0
0 n
˙
Γr
by Tn. The operator Tp will be of special significance, and we note that
Γr
ˆ
1 0
0 p
˙
Γr “
p´1ž
i“0
Γr
ˆ
1 i
0 p
˙
.
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For d P pZ{NrZq
ˆ we define the diamond operator xdy (resp., Td,d) to be the operator
associated to the double coset ΓrαdΓr (resp., ΓrdαdΓr), where αd P SL2pZq satisfies
αd ”
ˆ
˚ ˚
0 d
˙
pmodNrq.
We extend the definition of these operators to all positive integers d by defining xdy “ 0 “ Td,d
whenever gcdpd,N1q ą 1. Having done so, we can describe the action of Tn on Mk,r in terms
of q-expansions: For all integers m ě 0 and n ě 1,
ampf |Tnq “
ÿ
d|gcdpm,nq
amn{d2pf |Td,dq.
In addition to the operators Tn, Td,d, and xdy, we will also consider their adjoints T
˚
n , T
˚
d,d,
and xdy˚, which are associated to the double cosets
Γr
ˆ
n 0
0 1
˙
Γr,
Γrdα
´1
d Γr and Γrα
´1
d Γr, respectively. For future reference, we note that H
˚ “ w´1NrHwNr for
H “ Tn, Td,d, or xdy, where
wM :“
ˆ
0 ´1
M 0
˙
for all positive integers M .
We define Hk,r (resp., hk,r) to be the Z-subalgebra of EndZpMk,rq (resp., EndZpSk,rq) gen-
erated by the operators Tn and Td,d for all integers n ě 1 and d P pZ{NrZq
ˆ. Set
Hk,r,O “ Hk,r bZ O
hk,r,O “ hk,r bZ O.
It is well known that Mk,r,Z and Sk,r,Z are stable under the action of Tn and Td,d [H2, §1].
Consequently, Mk,r,Z and Sk,r,Z are modules over Hk,r,O and hk,r,O, respectively.
We define H˚k,r and h
˚
k,r (resp., H
˚
k,r,O and h
˚
k,r,O) analogously with respect to the adjoint
operators T ˚n and T
˚
d,d.
2.1. Hida’s universal ordinary Hecke algebra. Let k ě 2 and r ě 1. Rather than consider
the whole space Mk,r,O, we will primarily restrict our considerations to the maximal subspace
on which the action of the Hecke operator Tp is invertible. We project to this subspace using
Hida’s idempotent associated to the operator Tp, which we denote by e. We will also consider
e˚ which is defined analogously with respect to the operator T ˚p .
The natural injections
eMk,r,O ãÑ eMk,r`1,O
eSk,r,O ãÑ eSk,r`1,O
commute with the Hecke action. Therefore, if we restrict the operators of eHk,r`1,O (resp.,
ehk,r`1,O) to the image of eMk,r,O (resp., eSk,r,O) we obtain surjective O-algbera homomor-
phisms
eHk,r`1,O ։ eHk,r,O(2.1)
ehk,r`1,O ։ ehk,r,O.(2.2)
Definition 2.1 ([H3], (1.2)). The universal ordinary Hecke algebra presp., universal ordinary
cuspidal Hecke algebraq of level N over O is defined by
HΛ “ limÐÝ
r
eHk,r,O presp., hΛ “ limÐÝ
r
ehk,r,Oq,
where the projective limit is taken with respect to the above restriction maps.
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Hida has shown that the above projective limits are isomorphic for all k ě 2 [H3, Theorem 1.1],
which is the reason we omit reference to the weight in the notation. We denote the operators
corresponding to the projective limits of Tn, Td,d, and xdy by the same symbols.
Let
Zp,N “ limÐÝ
r
Z{NprZ – pZ{NZq ˆ Zp.
We identify OrZˆp,N s – OrpZ{NpZq
ˆsJU1K with OrpZ{NpZq
ˆsJXK through the isomorphism
ι : OrpZ{NpZqˆsJU1K Ñ OrpZ{NpZq
ˆsJXK(2.3)
induced by u ÞÑ 1`X . The Hecke algebrasHΛ and hΛ have a naturalOrZ
ˆ
p,N s-algebra structure,
in which any integer d P pZ{NpZqˆ acts on HΛ (resp., hΛ) as Td,d.
Proposition 2.2 ([O2], Theorem 1.5.7). HΛ and hΛ are free and finitely generated Λ-modules.
We have the following commutative diagram
eHk,r`1,O
„
ÝÝÝÝÑ e˚H˚k,r`1,O
res
§§đ §§đres
eHk,r,O
„
ÝÝÝÝÑ e˚H˚k,r,O
where the horizontal maps are induced by Tn ÞÑ T
˚
n and the vertical maps are restriction (2.1).
From these isomorphisms we construct the adjoint universal ordinary Hecke algebra H˚Λ. We
construct h˚Λ analogously.
3. Ordinary Λ-adic modular forms
In this section we recall the definition of ordinary Λ-adic modular forms following Ohta [O2].
We then introduce Λ-adic Eisenstein series and record several results pertaining to these forms.
3.1. Ordinary Λ-adic modular forms. Denote the group of continuousQ
ˆ
-valued characters
on U1{Ur by {U1{Ur, and define pU1 “ ď
rě1
{U1{Ur.
We will always assume that the characters ǫ P pU1 are primitive. For ǫ P pU1 we define
eMk,r,O,ǫ “ tf P eMk,r,Orǫs : f |σα “ ǫpαqf for all α P U1u,
where σα P Γ1 is a matrix satisfying
σα ”
ˆ
α´1 ˚
0 α
˙
pmod prq.(3.1)
We define Sk,r,O,ǫ analogously.
Definition 3.1. An ordinary Λ-adic modular form presp., cusp formq F of level N is a formal
q-expansion
F “
8ÿ
n“0
anpF qpXqq
n P ΛJqK
such that
vk,ǫpF q :“
8ÿ
n“0
anpF qpǫpuqu
k´2 ´ 1qqn
is an element of eMk,r,O,ǫ presp., eSk,r,O,ǫq for all k ě 2 and ǫ P pU1. Here the power of p
appearing in the level Nr is determined by kerpǫq “ Ur. We denote the space of ordinary Λ-adic
modular forms presp., cusp formsq of level N by MΛ presp., SΛq.
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The space of ordinary Λ-adic modular forms has a very nice structure which we now recall.
Proposition 3.2 ([H4], §7.3 Theorem 1). The Λ-modules MΛ and SΛ are free and finitely
generated.
Proposition 3.3 ([O2] Proposition 2.5.1, [O1] Proposition 2.6.4). For each k ě 2 and ǫ P pU1,
let Pk,ǫ :“ X ´ ǫpuqu
k´2 ` 1. Then
MΛ{Pk,ǫMΛ – eMk,r,O,ǫ
SΛ{Pk,ǫSΛ – eSk,r,O,ǫ.
Corollary 3.4. We have
MΛ – MZpJXK bZpJXK Λ
SΛ – SZpJXK bZpJXK Λ
In [O1, §2.3] and [O2, §2.2], Ohta shows that the space of ordinary Λ-adic modular forms
is isomorphic to a projective system of classical modular forms. The latter has a natural H˚Λ-
module structure, and through this isomorphismMΛ is endowed with an HΛ-module structure.
In particular, for all F PMΛ we have
vk,ǫpF |Tnq “ vk,ǫpF q|Tn
vk,ǫpF |Td,dq “ vk,ǫpF q|Td,d
for all k ě 2 and ǫ P pU1.
3.2. Λ-adic Eisenstein series. In this subsection we assume that O contains the values of θ
and ψ. Let r¨s : Zˆp Ñ U1 be the projection defined by ras “ aωpaq
´1, and let s : Zˆp Ñ Zp be
the group homomorphism defined by ras “ uspaq. For a Dirichlet character ϕ with conductor
not divisible by p2, set GpX,ϕω2q “ F pu´1p1`Xq´1 ´ 1, ϕω2q. Note that
Gpǫpuquk´2 ´ 1, ϕω2q “ Lpp1 ´ k, ϕω
2ǫq “ Lp1´ k, pϕω2´kǫqppqq,
for all k ě 2 and ǫ P pU1, where Lps, χq is the Dirichlet L-function associated to the character χ
[O2, (2.3.6)].
For all integers t ě 1 we define the following formal series in ΛJqK:
Eθ,ψ;t “ δθ,ψpXq
¨˚
˚˝ψp0qGpX, θω2q
2
`
8ÿ
n“1
¨˚
˚˝ ÿ
0ăd|n
p∤d
θpdqψ
´n
d
¯
p1 `Xqspdqd
‹˛‹‚qtn‹˛‹‚.
We set Eθ,ψ “ Eθ,ψ;1.
Theorem 3.5 ([O4] §1.4, [O2] §2.4). The power series Eθ0,ψ0;t is an element of MΛ if the
following conditions are satisfied:
p1q p ∤ t
p2q fθfψt | Np
p3q pfψ , pq “ 1
p4q pθ0ψ0qp´1q “ 1.
For all k ě 2 and ǫ P pU1, we have
vk,ǫpEθ0,ψ0;tq “ δθ,ψpǫpuqu
k´2 ´ 1qEkppθ0ǫω
2´kqppq, ψ0; tq,
where Ekppθ0ǫω
2´kqppq, ψ0; tq is the classical p-stabilized Eisenstein series of weight k and level
fθfψp
rt{ gcdpfθ, pq having Nebentypus θ0ψ0ǫω
2´k.
Furthermore, MΛ bΛ QpΛq is spanned over QpΛq by SΛ and the set of Eisenstein series
Eθ0,ψ0;t satisfying the above conditions.
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Proposition 3.6. Let Dθ and Dψ be the largest square-free factors of Mθ and Mψ, respectively,
such that gcdpDθ, fθpq “ 1 “ gcdpDψ, fψq. For all integers t ě 1 we have
Eθ,ψ;t “
ÿ
α|Dθ
β|Dψ
αµpαqµpβqθ0pαqψ0pβqp1 `Xq
spαqEθ0,ψ0;αβt
where µ is the Mo¨bius function.
Proof. Suppose we have the following factorizations of Dθ and Dψ,
Dθ “ p1 ¨ ¨ ¨ pm
Dψ “ p
1
1 ¨ ¨ ¨ p
1
m1 ,
keeping in mind that the sets tp1, . . . , pmu and tp
1
1, . . . , p
1
m1u may not be disjoint. To simplify
the notation a bit, for 1 ď i ď m and 1 ď j ď m1 define
θpiq “ θpp1¨¨¨piq
ψpjq “ ψpp1
1
¨¨¨p1
j
q,
with θp0q “ θ0 and ψ
p0q “ ψ0. We begin by considering the non-constant terms of Eθ,ψ;t. For
all n ě 1 and 1 ď i ď m
antpEθpi´1q,ψ;tq ´ antpEθpiq,ψ;tq “ piθ0ppiqp1`Xq
sppiqantpEθpi´1q,ψ;pitq,
which gives us the recursive identity
antpEθpiq,ψ;tq “ antpEθpi´1q,ψ;tq ` piµppiqθ0ppiqp1`Xq
sppiqantpEθpi´1q,ψ;pitq.
From this identity, we obtain
antpEθ,ψ;tq “
ÿ
α|Dθ
αµpαqθ0pαqp1 `Xq
spαqantpEθ0,ψ;αtq.
Next we note that for 1 ď j ď m1 we have
antpEθ0,ψpj´1q;αtq ´ antpEθ0,ψpjq;αtq “ ψ0pp
1
jqantpEθ0,ψpj´1q;αtp1j q.
Applying the same recursive argument as above we obtain the desired result for the non-constant
coefficients.
Finally, by considering the Euler factor expansion of the Kubota-Leopoldt p-adic L-function,
we have
GpX, θω2q “
¨˝ ÿ
α|Dθ
αµpαqθ0pαqp1 `Xq
spαq‚˛¨GpX, pθω2q0q,
and the result follows by noting thatÿ
β|Dψ
µpβq “
"
1 Dψ “ 1
0 Dψ ą 1
.

The following corollary is an immediate consequence of Proposition 3.6 and Theorem 3.5.
Corollary 3.7. The power series Eθ,ψ;t is an element of MΛ if the following conditions are
satisfied:
p1q p ∤ t
p2q MθMψt | Np
p3q pMψ, pq “ 1
p4q pθ0ψ0qp´1q “ 1.
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It is well known that Λ-adic Eisenstein series are Hecke eigenforms. We recall the following
results due to Ohta regarding their eigenvalues.
Proposition 3.8 ([O4], Lemma 1.4.8). Suppose Eθ,ψ;t PMΛ. Then
piq Eθ,ψ;t|Td,d “ pθψqpdqp1 `Xq
spdq ¨ Eθ,ψ;t pintegers d ą 0 prime to Npq
piiq Eθ,ψ;t|xdy “ pθψqpdq ¨ Eθ,ψ;t pintegers d ą 0 prime to Npq
piiiq Eθ,ψ;t|Tℓ “ pθpℓqℓp1 `Xq
spℓq ` ψpℓqq ¨ Eθ,ψ;t pprimes ℓ ∤ Npq
pivq Eθ,ψ;t|Tp “ ψppq ¨ Eθ,ψ;t
If MθMψ “ N or Np pconsequently t “ 1q, identity piiiq holds for all primes ℓ ‰ p.
Lemma 3.9 ([O4], Lemma 1.4.9). Suppose Eθi,ψi;ti P MΛ for i “ 1, 2. The Tℓ-eigenvalues of
Eθ1,ψ1;t1 and Eθ2,ψ2;t2 are congruent modulo m “ pπ,Xq for all primes ℓ ∤ Np if and only if at
least one of the following conditions is satisfied:
p1q pθ1q0 ” pθ2q0 pmodπq and pψ1q0 ” pψ2q0 pmodπq,
p2q pθ1q0 ” pψ2ω
´1q0 pmodπq and pψ1q0 ” pθ2ωq0 pmodπq.
4. The Λ-adic residue map
The primary goal of this section is to determine the image of Eisenstein series under Ohta’s
Λ-adic residue map. As mentioned in the introduction, this image was determined by Ohta for
Eisenstein series associated to pairs of primitive, non-exceptional characters, and we would like
to generalize this result to pairs of arbitrary characters. The image of Ohta’s Λ-adic residue
map lies in the group ring generated over Λ by the ordinary Λ-adic cuspidal group. We begin
by describing this group.
4.1. The ordinary Λ-adic cuspidal group.
4.1.1. Cuspidal groups. Let M be a positive integer. We denote the complete modular curve
associated with the group Γ1pMq by X1pMq. Let CM denote the cusps of X1pMq, which we
will identify with Γ1pMqzP
1pQq. The map SL2pZq Ñ P
1pQq defined byˆ
a b
c d
˙
ÞÑ
a
c
induces a bijection Γ1pMqzSL2pZq { I8 Ñ Γ1pMqzP
1pQq, where I8 Ă SL2pZq is the isotropy
subgroup of the cusp at 8. Let
AM :“
"„
x
y

P pZ{MZq2 : gcdpx, yq “ 1
*
{ „,
where „
x
y

„
„
x1
y1

ðñ
x ” x1 pmod gcdpM, yqq
y ” y1 pmodMq
and set „
a
c

M
“ class of
„
a
c

in AM .
Then we have a natural bijection between Γ1pMqzSL2pZq { I8 and AM {t˘1u induced by the
map ˆ
a b
c d
˙
ÞÑ
„
a
c

M
mod t˘1u.
We identify CM with AM {t˘1u through this bijection. To simplify notation, let„
a
c
1
M
“
„
a
c

M
mod t˘1u.
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For any two coprime integers M1 and M2 satisfying M “M1M2, there are bijections
Γ1pMqzSL2pZq { I8
„
ÝÑ AM {t˘1u
„
ÝÑ pAM1 ˆAM2 q{t˘1u
induced by the maps ˆ
a b
c d
˙
ÞÑ
„
a
c
1
M
ÞÑ
˜„
a
c

M1
,
„
a
c

M2
1¸
.
Unfortunately, this decomposition does not hold with respect to CM , that is, in general
pAM1 ˆAM2q{t˘1u ‰ pAM1{t˘1uq ˆ pAM2{t˘1uq.
For this reason we will often work directly with AM and then reduce modulo t˘1u to obtain
an element of CM .
Finally, for a ring R, let RrAM s denote the free R-module generated by AM . By the decom-
position above, we have
RrAM s – RrAM1s bR RrAM2s.
We then define RrCM s as the quotient of RrAM s by the R-submodule generated by the set
ta´ p´1qa : a P AMu.
4.1.2. Hecke operators acting on cuspidal groups. Let r ě 1. To simplify the notation a bit,
set Ar “ ANr and Cr “ CNr . In this section we will consider the action of Hecke operators on
OrArs and OrCrs.
Let n ě 1. Recall that the Hecke operator Tn was defined in terms of the double coset
Γr
ˆ
1 0
0 n
˙
Γr :“
ž
i
Γrαi.
We define the action of Tn on OrArs by
Tn
„
a
c

Nr
“
ÿ
i
αi
„
a
c

Nr
.(4.1)
Similarly, for any d P pZ{NrZq
ˆ we define
xdy
„
a
c

Nr
“
„
d1a
dc

Nr
,
where d1 is an integer such that dd1 ” 1 pmodNrq. From the definition we see that the
action of pZ{NrZq
ˆ – pZ{NZqˆ ˆ pZ{prZqˆ via the diamond operator is compatible with the
decomposition Ar “ AN ˆApr .
We remark that our notation for the operator defined by (4.1) differs from that of Ohta
in [O2] and [O4], where this operator is denoted by T ˚n . The reason for this difference in
notation stems from the fact that Ohta identifies the cuspidal group OrCrs with its dual group
HompOrCrs,Oq via the perfect pairing
OrCrs ˆOrCrs Ñ O :
˜ ÿ
cPCr
acc,
ÿ
cPCr
bcc
¸
ÞÑ
ÿ
cPCr
acbc.
One can show that under this identification the action of the adjoint operator T ˚n is given by
the double coset defining Tn [O2, Proposition 3.4.12].
The above operators induce operators on OrCrs via the projection mapping OrArs։ OrCrs,
which we will denote by the same symbols. Set Aordr “ eAr and C
ord
r “ eCr.
Proposition 4.1 ([O2] Prop. 4.3.4, [O4] (2.2.3)). Let
Dr “
#„
a
c

Nr
P Ar : p | c
+
.
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Then OrAordr s – OrArs{OrDrs.
Consider the set
A0r “
#˜„
a
c

N
,
„
0
ωpcq

pr
¸
P Ar :
0 ă c ă Np, gcdpc, pq “ 1
0 ď a ă gcdpN, cq
+
.
Proposition 4.2. ta P Ar : ea ‰ 0u “ tσγa : γ P U1{Ur, a P A
0
ru.
Proof. From the definition of A0r it is clear that the elements of tσγa : γ P U1{Ur, a P A
0
ru
are distinct. Furthermore, by Proposition 4.1 and the fact that Hida’s idempotent e commutes
with diamond operators, we know that
tσγa : γ P U1{Ur, a P A
0
ru Ă ta P Ar : ea ‰ 0u.
Let a P Ar with ea ‰ 0. Then once again by Proposition 4.1 we know
a “
˜„
a
c

N
,
„
0
c

pr
¸
“ σrcs ¨
˜„
a
c

N
,
„
0
ωpcq

pr
¸
,
where σrcs is as defined in (3.1). 
We define C0r “ A
0
r{t˘1u.
4.1.3. The ordinary Λ-adic cuspidal group. For all s ě r ě 1, the map„
a
c
1
Ns
ÞÑ
„
a
c
1
Nr
induces a surjection OrCords s “ OrU1{UssrC
0
s s։ OrU1{UrsrC
0
r s “ OrC
ord
r s. Furthermore, from
Subsection 4.1.2 we see that the Hecke action commutes with these surjections. We define the
Λ-adic cuspidal group by
CΛ “ limÐÝ
rě1
OrCordr s “ limÐÝ
rě1
OrU1{UrsrC
0
r s.
From its definition we see that CΛ is a HΛ-module.
4.2. Residues of Λ-adic Eisenstein series. For the remainder of this section we will assume
that O contains the values of θ and ψ. Let O8 denote the ring of integers of a complete subfield
of Cp containing all roots of unity. We set Λ8 “ O8JXK.
In [O4], Ohta constructs the following exact sequence of HΛ8 -modules
0 ÝÝÝÝÑ SΛ8 ÝÝÝÝÑ MΛ8
ResΛÝÝÝÝÑ CΛ8 ÝÝÝÝÑ 0,
where ResΛ is the Λ-adic residue map of level N , defined explicitly by
ResΛpF q “ limÐÝ
rě1
¨˝
1
pr´1
ÿ
cPCr
¨˝ ÿ
ǫP {U1{Ur
Resc
`
v2,ǫpF q|T
´r
p |w
´1
Nr
˘‚˛¨ ec‚˛,
with Rescpfq denoting the residue of the differential ωf “ f
dq
q
at the cusp c. Our primary goal
for the remainder of this section is to prove the following proposition.
Proposition 4.3. Suppose Eθ0,ψ0;t PMΛ. Then
ResΛpEθ0,ψ0;tq “ Aθ,ψ ¨ eθ0,ψ0;t
for an explicitly determined eθ0,ψ0;t P CΛ with eθ0,ψ0;t R mCΛ. We set eθ0,ψ0 “ eθ0,ψ0;1.
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Let us determine exactly what computing this residue will entail. To simplify notation set
E2pǫ; tq “ v2,ǫpEθ0,ψ0;tq “ δθ,ψpǫpuq ´ 1q ¨ E2ppθ0ǫqppq, ψ0; tq
with E2pǫq :“ E2pǫ; 1q. Using the fact that E2pǫ; tq is a Tp-eigenform with eigenvalue ψ0ppq,
and E2pǫ; tq|w
´1
Nr
“ p1{tq ¨E2pǫq|w
´1
Nr{t
, we have
ResΛpEθ0,ψ0;tq “ limÐÝ
rě1
¨˚
˚˝ψ0ppq´r
tpr´1
ÿ
cPCr
ǫP {U1{Ur
Resc
´
E2pǫq|w
´1
Nr{t
¯
¨ ec
‹˛‹‚.
Because the above sum is over those cusps c P Cr satisfying ec ‰ 0, Proposition 4.2 tells us that
the above can be written as
lim
ÐÝ
rě1
¨˚
˚˚˚˚
˚˝ψ0ppq
´r
tpr´1
ÿ
cPC0r
ǫP {U1{Ur
γPU1{Ur
ǫ´1pγq ¨ ReswNr{tpcq pE2pǫqq ¨ pσγ ¨ ecq
‹˛‹‹‹‹‹‚,
where we have used the fact that diamond operators commute with the idempotent e, and
the identity f |w´1
Nr{t
|σγ “ f |σ
´1
γ |w
´1
Nr{t
holds for all f P M2pΓ1pNr{tqqCp . Our task is then to
determine the residue of E2pǫq at the cusps wNr{tpcq for c P C
0
r . The following definition and
proposition give us a simple means of doing so.
Definition 4.4. Let γ P SL2pZq correspond to the cusp c P Cr. The minimal choice of W ą 0
such that ˆ
1 W
0 1
˙
P γ´1Γrγ
is called the width of the cusp c.
Proposition 4.5 ([O2], Section 4.5). Let Γ be a congruence subgroup of SL2pZq and let f P
M2pΓq. Then Rescpfq “ Wc ¨ a0pf |cq, where Wc denotes the width of the cusp c and a0pf |cq is
the constant term of f at c.
In Subsection 4.2.1 we will compute the constant term of E2pǫq at the cusp wNr{tpcq for all
c P C0r . We will then determine the width of these cusps in Subsection 4.2.2. In Subsection
4.2.3 we will put all of this together to prove Proposition 4.3. Finally, in Subsection 4.2.4 we
will consider the image of Eisenstein series associated to imprimitive characters.
4.2.1. The constant term of Eisenstein series at the cusps. For this subsection we fix an ǫ P pU1
and define r ě 1 to be the integer satisfying kerpǫq “ Ur. We begin by recalling the following
result due to Ohta.
Proposition 4.6 ([O4], Prop. 2.5.5, Cor. 2.5.7). Let c P Cr with
c “
„
a
c
1
Nr
.
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If fθ0ǫ | c, then the constant term of E2pǫq at the cusp c is given by
1
2
gpξǫ´1q
gppθ0ǫq´1q
ˆ
fθǫ
fξǫ´1
˙2
ψ0
ˆ
´
c
fθǫ
˙
pθ0ǫq
´1paq δθ,ψpǫpuq ´ 1q
¨
¨˚
˚˝˚ ź
ℓ|fθǫfψ
ℓ∤f
ξǫ´1
`
1´ pξǫ´1qpℓqℓ´2
˘‹˛‹‹‚Lpp´1, ξ´12 ǫq
where gpχq is the Gauss sum of the character χ. If fθ0ǫ ∤ c, then the constant term is 0.
Let N “ f˜θPQt, where f˜θ “ fθ{ gcdpfθ, pq and
P :“
ź
ℓ|fψ
ℓ prime
ℓordℓpN{f˜θtq.
Let c P C0r with
c “
„
a
c
1
Nr
“
˜„
a
c

N
,
„
0
ωpcq

pr
¸1
.
By the definition of C0r , we know that 0 ď a ă gcdpN, cq and 0 ă c ă N1 with gcdpc, apq “ 1.
The cusp we are interested in is wNr{tpcq, which is given by
wNr{tpcq “
„
´c{∆
aNr{∆t
1
Nr
“
„
´c{∆
af˜θPQp
r{∆
1
Nr
where ∆ :“ gcdpaNr{t, cq “ gcdpf˜θPQ, cq. By Proposition 4.6, in order for the constant term
of E2pǫq to be non-zero at the cusp wNr{tpcq, the following conditions must be satisfied:
(1) fθ0ǫ | af˜θPQp
r{∆
(2) ψ0
´
af˜θPQp
r{fθǫ∆
¯
‰ 0.
(3) pθ0ǫq
´1 pc{∆q ‰ 0.
We want to unravel these conditions in order to get characterizations of a, c and ∆. Let
us begin with ∆. Note that since fθǫ “ f˜θp
r and gcdpc, apq “ 1, condition (1) is equivalent to
∆ | PQ. Furthermore, by expanding condition (2),
ψ0paqψ0
ˆ
PQ
∆
˙
‰ 0
we see that we must also have P | ∆. Hence, ∆ “ PdQ for some dQ | Q.
Next we consider c. First we write c “ gcdpN, cq ¨ x for some x satisfying 0 ă x ă
N1{ gcdpN, cq with gcdpx,N1{ gcdpN, cqq “ 1. The quotient gcdpN, cq{∆ “ gcdpN, cq{PdQ
must be a factor of t, which we denote by dt. Then c “ dtdQPx. Moreover, by condition p3q
the quotient c{∆ “ dtx must be prime to fθp. Since gcdpx, fθpq | gcdpx,N1{PdQdtq “ 1, we
must have gcdpdt, fθpq “ 1.
Finally, we consider a. By definition we know that 0 ď a ă PdtdQ. Furthermore, we have
gcdpa, PdtdQq | gcdpa, PdtdQyq “ gcdpa, cq “ 1.
Putting all of this together, we see that if the constant term of E2pǫq is to be non-zero at
wNr{tpcq, the cusp c P C
0
r can be written as
c “
˜„
y
dtdQPx

N
,
„
0
ωpdtdQPxq

pr
¸1
(4.2)
where
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(1) dt | t and dQ | Q with gcdpdt, fθpq “ 1,
(2) 0 ă x ă N1{dtdQP with gcdpx,N1{dtdQP q “ 1,
(3) 0 ă y ă dtdQP with gcdpy, dtdQPxq “ 1.
To simplify subsequent notation, we will denote the set of tuples pdt, dQ, x, yq satisfying the
above conditions for a given t by St.
Having characterized the cusps in C0r at which the constant term of the Eisenstein series
E2pǫq can be non-trivial, we will now use Proposition 4.6 to determine the constant term of
E2pǫq at these cusps.
Lemma 4.7. Suppose θ “ χωi, with p ∤ Mχ. Let t ě 1 be coprime to p with fθfψt ∤ Np. If
c P C0r is the cusp associated to the tuple pdt, dQ, x, yq P St by p4.2q, then the constant term of
E2pǫq at wNr{tpcq is
C ǫ
ˆ
fθ
fξdtx
˙
ψ0
ˆ
yQpr
dQ
˙
θ´10 pdtxq δθ,ψpǫpuq ´ 1q
¨˚
˚˝ ź
ℓ | fθfψ
ℓ ∤ fξ
p1´ pξǫ´1qpℓqℓ´2q
‹˛‹‚Lpp´1, ξ´12 ǫq
where C is a p-adic unit in some finite cyclotomic extension of Qp depending only on θ0 and
ψ0.
Proof. We have
wNr{tpcq “
„
´dtx
yf˜θQp
r{dQ
1
Nr
.
By Proposition 4.6 the constant coefficient of E2pǫq at the cusp wNr{tpcq is given by
(4.3)
1
2
gpξǫ´1q
gppθ0ǫq´1q
ˆ
fθǫ
fξǫ´1
˙2
ψ0
ˆ
´yQ
dQ
˙
pθ0ǫq
´1p´dtxq
¨
¨˚
˚˝˚ ź
ℓ|fθǫfψ
ℓ∤f
ξǫ´1
p1´ pξǫ´1qpℓqℓ´2q
‹˛‹‹‚Lpp´1, ξ´12 ǫq.
Let us consider the first term of (4.3) involving Gauss sums. If η and ϕ are two primitive
Dirichlet characters with gcdpfη, fϕq “ 1, we have gpηϕq “ gpηqgpϕqηpfϕqϕpfηq. Consequently,
gpξǫ´1q
gppθ0ǫq´1q
“
gppψχ´1q0q
gpχ´10 q
¨
gppωiǫq´1q
gppωiǫq´1q
¨
pψχ´1q0pp
rq
χ´10 pp
rq
¨
pωiǫq´1
`
fψχ´1
˘
pωiǫq´1pfχq
“
gppψχ´1q0q
gpχ´10 q
¨ ψ0pp
rq ¨ ωi
ˆ
fχ
fψχ´1
˙
¨ ǫ
ˆ
fχ
fψχ´1
˙
.
The second term of (4.3) can be written asˆ
fθǫ
fξǫ´1
˙2
“
ˆ
fχ ¨ fωiǫ
fψχ´1 ¨ fωiǫ
˙2
“
ˆ
fχ
fψχ´1
˙2
.
Recalling that gcdpfψdtx, pq “ 1, the terms involving pθ0ǫq
´1 and ψ0 can be written as,
ψ0
ˆ
´yQ
dQ
˙
pθ0ǫq
´1p´dtxq “ ψ0
ˆ
yQ
dQ
˙
θ´10 pdtxqǫ
´1pdtxq,
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where we are using the fact that pθ0ψ0qp´1q “ 1 “ ǫp´1q. Putting all of this together, we see
that the first half of (4.3) can be written as
C ¨ ǫ
ˆ
fθ
fξdtx
˙
¨ θ´10 pdtxq ¨ ψ0
ˆ
yQpr
dQ
˙
where
C :“
1
2
¨
gppψχ´1q0q
gpχ´10 q
¨ ωi
ˆ
fθ
fξ
˙
¨
ˆ
fθ
fξ
˙2
is a p-adic unit in some finite cyclotomic extension of Qp that depends only on θ0 and ψ0.
Finally, since fθǫfψ “ fθfψp
r and fξǫ “ fξp
r, we have tℓ prime : ℓ | fθǫfψ, ℓ ∤ fξǫu “
tℓ prime : ℓ | fθfψ, ℓ ∤ fξu 
4.2.2. Width of the cusps. In this subsection we would like to determine the width of the cusp
wNr{tpcq, where c is associated to the tuple pdt, dQ, x, yq P St, i.e.
c “
„
y
dtdQPx
1
Nr
.
Let γ P SL2pZq correspond to wNr{tpcq, that is,
γ “
ˆ
´dtx ˚
yf˜θQp
r{dQ ˚
˙
.
Let W be the width of the cusp wNr{tpcq. Then by definition¨˝
1´ dtx
´
yf˜θQp
r
dQ
¯
W ˚
´
´
yf˜θQp
r
dQ
¯2
W 1` dtx
´
yf˜θQp
r
dQ
¯
W
‚˛ “ γˆ1 W
0 1
˙
γ´1 P Γr.
Therefore, we must have
dtx
˜
yf˜θQp
r
dQ
¸
W ” 0 pmodNrq and
˜
yf˜θQp
r
dQ
¸2
W ” 0 pmodNrq.
However, since γ P SL2pZq it must be the case that
gcd
˜
dtx,
yf˜θQp
r
dQ
¸
“ 1,
which implies ˜
yf˜θQp
r
dQ
¸
W ” 0 pmodNrq.
The smallest value of W satisfying the above congruence is W “ tdQP {gcdpy, tq, which is a
p-adic unit dependent on the cusp c.
4.2.3. Proof of Proposition 4.3. Recall that the level r ě 1 component of the projective limit
defining ResΛpEθ0,ψ0;tq is given by
ψ0ppq
´r
tpr´1
ÿ
cPC0r
ǫP {U1{Ur
γPU1{Ur
ǫ´1pγqReswNr{tpcqpE2pǫqq pσγ ¨ ecq .(4.4)
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By Proposition 4.5, the above residue is the product of the constant term of E2pǫq at the cusp
wNr{tpcq and the width of this cusp. In Subsection 4.2.1 it was shown that the constant term
of E2pǫq at the cusp wNr{tpcq for c P C
0
r is zero unless c is of the form
c
x,y
r,dt,dQ
:“
˜„
y
dtdQPx

N
,
„
0
ωpdtdQPxq

pr
¸1
for some tuple pdt, dQ, x, yq P St. Therefore, (4.4) can be written as
ψ0ppq
´r
tpr´1
ÿ
ǫP {U1{Ur
γPU1{Ur
pdt,dQ,x,yqPSt
ǫ´1pγqRes
wNr{t
´
c
x,y
r,dt,dQ
¯` E2pǫq˘ ´σγ ¨ ecx,yr,dt,dQ¯ .(4.5)
By Lemma 4.7, the constant term of E2pǫq at the cusp wNr{t
`
c
x,y
r,dt,dQ
˘
is
C ¨ ǫ
ˆ
fθ
fξdtx
˙
ψ0
ˆ
yQpr
dQ
˙
θ´10 pdtxq δθ,ψpǫpuq ´ 1q
¨˚
˚˝ ź
ℓ | fθfψ
ℓ ∤ fξ
p1´ pξǫ´1qpℓqℓ´2q
‹˛‹‚Lpp´1, ξ´12 ǫq
where C is a p-adic unit depending only on θ0 and ψ0. Furthermore, in subsection 4.2.2 we
showed that the width of the cusp wNr{t
`
c
x,y
r,dt,dQ
˘
is tdQP { gcdpy, tq. Therefore, (4.5) can be
written as
(4.6) CP
ÿ
pdt,dQ,x,yqPSt
dQ
gcdpy, tq
ψ0
ˆ
yQ
dQ
˙
θ´10 pdtxq
¨
¨˚
˚˝˚ 1
pr´1
ÿ
ǫP {U1{Ur
γPU1{Ur
ǫ´1pγq ǫ
ˆ
´
fθ
fξdtx
˙
Lǫ
´
σγ ¨ ec
x,y
r,dt,dQ
¯‹˛‹‹‚.
where
Lǫ :“ δθ,ψpǫpuq ´ 1q
¨˚
˚˝ ź
ℓ | fθfψ
ℓ ∤ fξ
p1 ´ pξǫ´1qpℓqℓ´2q
‹˛‹‚Lpp´1, ξ´12 ǫq.
For each tuple pdt, dQ, x, yq P St define
e
x,y
8,dt,dQ
“ limÐÝ
r
ec
x,y
r,dt,dQ
P CΛ.
If λ P Λ8, we have
λ ¨ ex,y8,dt,dy “ limÐÝ
rě1
¨˚
˚˝˚ 1
pr´1
ÿ
ǫP {U1{Ur
γPU1{Ur
ǫ´1pγqλpǫpuq ´ 1q
´
σγ ¨ ec
x,y
r,dt,dQ
¯‹˛‹‹‚.
(cf. e.g. proof of [O1, Lemma 2.4.2]). Noting that
Aθ,ψpǫpuq ´ 1q “ Lǫ and ǫpuq
sp´fθ{fξdtxq “ ǫ
ˆ
´
fθ
fξdtx
˙
for all ǫ P pU1, we have
p1`Xqsp´fθ{fξdtxq ¨Aθ,ψ ¨ e
x,y
8,dt,dQ
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“ limÐÝ
r
¨˚
˚˝˚ 1
pr´1
ÿ
ǫP {U1{Ur
γPU1{Ur
ǫ´1pγq ǫ
ˆ
´
fθ
fξdtx
˙
Lǫ
´
σγ ¨ ec
x,y
r,dt,dQ
¯‹˛‹‹‚.
Putting this together with (4.6) we see that
ResΛpEθ0,ψ0;tq “ Aθ,ψ ¨ eθ0,ψ0;t
where
eθ0,ψ0;t :“ CP
ÿ
pdt,dQ,x,yqPSt
dQ ¨ p1`Xq
sp´fθ{fξdtxq
gcdpy, tq
ψ0
ˆ
yQ
dQ
˙
θ´10 pdtxq ¨ e
x,y
8,dt,dQ
.
All that remains to be shown is that eθ0,ψ0;t R mCΛ. To see this, note that the cusps e
x,y
8,dt,dQ
are distinct for all tuples pdt, dQ, x, yq P St and
CP ¨
dQ ¨ p1`Xq
sp´fθ{fξdtxq
gcdpy, tq
ψ0
ˆ
yQ
dQ
˙
θ´10 pdtxq P Λ
ˆ.
4.2.4. Residue of Eisenstein series associated to imprimitive characters. Using Propositions
4.3 and 3.6, we can determine the image of Λ-adic Eisenstein series associated to imprimitive
characters under the Λ-adic residue map.
Theorem 4.8. Suppose Eθ,ψ;t PMΛ. Then
ResΛpEθ,ψ;tq “ Aθ,ψ ¨ eθ,ψ;t
where
eθ,ψ;t :“
ÿ
α|Dθ
β|Dψ
αµpαqµpβqθ0pαqψ0pβqp1 `Xq
spαq ¨ eθ0,ψ0;αβt P CΛ.
Furthermore, eθ,ψ;t R mCΛ.
Proof. That the image of Eθ,ψ;t under the Λ-adic residue map is given by the above sum is an
immediate consequence of Propositions 4.3 and 3.6. To show eθ,ψ;t R mCΛ we first note that,
eθ,ψ;t :“ CP
ÿ
α|Dθ
β|Dψ
pdt,dQ,x,yqPSαβt
αdQµpαqµpβqp1 `Xq
sp´αfθ{fξdtxq
gcdpy, αβtq
ψ0
ˆ
yQ
dQ
˙
θ´10 pdtxq ¨ e
x,y
8,dt,dQ
(despite the notation, the integer Q is dependent on α and β). Recall that the cusps ex,y8,dt,dQ
are distinct for all tuples pdt, dQ, x, yq P St. Let D0 denote the largest factor of DθDψt that is
prime to fθp. Then the coefficient of e
1,1
8,D0,1
in the above sum is given by
CPDθµpDθqµpDψq ¨ ψ0pQqθ
´1
0 pD0q ¨ p1`Xq
sp´Dθfθ{fξD0q P Λˆ.

5. Hida duality
The main result of this section will be a refinement of Hida’s duality theorem. In order to
state this refinement we must first use the results of the previous section to construct elements
of MΛ arising from congruences between Λ-adic Eisenstein series and ordinary Λ-adic cusp
forms.
Theorem 5.1 ([H4], §7.3 Theorem 5). We have a perfect pairing of Λ-modules
SΛ ˆ hΛ Ñ Λ : pF,Hq ÞÑ a1pF |Hq
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Proposition 5.2. Suppose Eθ,ψ;t PMΛ. Then Λ8peθ,ψ;tq is a free Λ8-module.
Proof. If λ ¨ eθ,ψ;t “ 0 for some λ P Λ8, we would have λ ¨ Eθ,ψ;t P SΛ8 , a contradiction. 
Proposition 5.3 ([O3], Lemma 2.1.1). The ZpJXK-algebra Λ8 is faithfully flat.
Using Propositions 5.2 and 5.3 along with Corollary 3.4, we see that there exists an F PMΛ
mapping to eθ,ψ;t under the Λ-adic residue map. We will now construct a canonical element of
MΛ with this property. By Proposition 3.2, we know that SΛ is a free and finitely generated
Λ-module. Let tF1, . . . , Fsu be a Λ-basis for SΛ. By Theorem 5.1, we know that hΛ has a
Λ-basis tB1, . . . , Bsu satisfying
a1pFi|Bjq “
"
1 i “ j
0 i ‰ j.
For each i, let Bi be any element of HΛ that projects to Bi under the surjection HΛ ։ hΛ.
Definition 5.4. Let F PMΛ be any element satisfying ResΛpF q “ eθ,ψ;t, and define
Fθ,ψ;t “ F ´
sÿ
i“1
a1pF |BiqFi.
Because any two elements of MΛ mapping to eθ,ψ;t will differ by a cusp form, our definition of
Fθ,ψ;t is independent of our choice of F .
Next, we record several properties of the form Fθ,ψ;t. First we note that Fθ,ψ;t R mMΛ by
Theorem 4.8. Next, note that ResΛpAθ,ψFθ,ψ;t ´ Eθ,ψ;tq “ 0, which implies
Fθ,ψ;t “
Eθ,ψ;t ` Gθ,ψ;t
Aθ,ψ
(5.1)
for a unique Gθ,ψ;t P SΛ. In fact, we can describe Gθ,ψ;t explicitly. By construction we have
a1pFθ,ψ;t|Bjq “ a1pF |Bjq ´
sÿ
i“1
a1pF |Biqa1pFi|Bjq “ 0
for 1 ď j ď s. Therefore, by (5.1) we have
Gθ,ψ;t “
mÿ
i“1
a1pEθ,ψ;t|BiqFi.
We can say even more about the Hecke action on Fθ,ψ;t. Since ResΛ is a HΛ-module homo-
morphism, (5.1) and Proposition 3.8 imply that for all primes ℓ ∤ N ,
Fθ,ψ;t|Tℓ “
"
pθpℓqℓp1`Xqspℓq ` ψpℓqq ¨ Fθ,ψ;t ` Fℓ ℓ ∤ Np
ψpℓq ¨ Fθ,ψ;t ` Fℓ ℓ “ p
,
where Fℓ P SΛ and the subscript denotes the fact that this cusp form may depend on ℓ.
With the forms Fθ,ψ;t in hand, we are now ready to state the main result of this section.
For any Λ-module M , we set MQpΛq “M bΛ QpΛq and denote the Λ-dual of M by M
_.
Theorem 5.5. Let V be a free Λ-submodule of MΛ that contains SΛ and is stable under the
action of HΛ. Then
VQpΛq “ xEθ1,ψ1;t1 , . . . , Eθm,ψm;tm , F1, . . . , FsyQpΛq
where the Eisenstein series Eθi,ψi;ti P MΛ are distinct. Define HpVq to be the Λ-subalgebra of
EndΛpVq generated by the Hecke operators tTn : n ě 1u and recall that
V0 :“ tF P VQpΛq : anpF q P Λ for all n ě 1u.
If the following conditions are satisfied for all integers i and j with 1 ď i ă j ď m:
piq pθiq0 ı pθjq0 pmod πq or pψiq0 ı pψjq0 pmodπq,
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piiq pθiq0 ı pψjω
´1q0 pmodπq or pψiq0 ı pθjωq0 pmodπq,
then we have V0 “ xFθ1,ψ1;t1 , . . . ,Fθm,ψm;tm , F1, . . . , FsyΛ ĂMΛ and the pairing
V0 ˆ HpVq Ñ Λ : pF,Hq ÞÑ a1pF |Hq
is perfect.
Proof. That the pairing is perfect follows from a well known argument of Hida ([H4, §7.3,
Theorem 5]), so we will restrict our efforts to proving the above characterization of V0. Clearly
xFθ1,ψ1;t, . . . ,Fθm,ψm;t, F1, . . . , FsyΛ Ă V0.
Suppose F P V0. Then F can be written as
F “
mÿ
i“1
Pi
Qi
Fθi,ψi;ti `
sÿ
i“1
P 1i
Q1i
Fi
for some Pi, Qi, P
1
i , Q
1
i P Λ with gcdpPi, Qiq “ 1 “ gcdpP
1
i , Q
1
iq and Qi, Q
1
i ‰ 0. Let 1 ď j ď m.
By piq, piiq, and Lemma 3.9, for each i ‰ j with 1 ď i ď m, there exists a prime ℓi ∤ Np such
that ´
θjpℓiqℓip1 `Xq
spℓiq ´ ψjpℓiq
¯
´
´
θipℓiqℓip1`Xq
spℓiq ´ ψipℓiq
¯
P Λˆ
Define
Hj “
mź
i“1
i‰j
Tℓi ´
´
θipℓiqℓip1`Xq
spℓiq ´ ψipℓiq
¯
P
mč
i“1
i‰j
AnnHΛpEθi,ψi;tiq.
Then Fθi,ψi;ti |Hj P SΛ if i ‰ j, while Fθj ,ψj;tj |Hj “ UjFθj ,ψj;tj ` Fj for some Fj P SΛ and
Uj P Λ
ˆ. Therefore,
F |Hj “ Uj
Pj
Qj
Fθj,ψj ;tj `
sÿ
i“1
P 2i
Q2i
Fi,
where P 2i , Q
2
i P Λ with gcdpP
2
i , Q
2
i q “ 1 and Q
2
i ‰ 0. Furthermore, since V0 is stable under
the action of HΛ, for 1 ď i ď s we have P
2
i {Q
2
i “ a1pF |Hj |Biq P Λ. This implies that
Qj | anpFθj ,ψj;tj q for all n ě 1. Since Fθj ,ψj;tj R mMΛ, if ψj ‰ 1 it must be the case Qj P Λ
ˆ.
Suppose ψj “ 1 and Qj R Λ
ˆ. Then a0pFθj ,ψj ;tj q P Λ
ˆ, while anpFθj ,ψj;tj q P m for all n ě 1.
Furthermore, we know that for all n ě 1,
anppFθj ,ψj ;tj q “ anpFθj ,ψj;tj |Tpq “ anpFθj,ψj ;tj q ` anpFpq
for some Fp P SΛ. Since anpFθj,ψj ;tj q P m for all n ě 1, it must be the case that anpFpq P m for
all n ě 1 as well. We will now show that such a form cannot exist.
By the q-expansion map, we have an embedding,
8à
k“0
MkpΓ1qO ãÑ OJqK,
[H2, §1]. Let us denote the image of this map by M8. It is well known that there is a natural
action of Tp that preserves the space M8 [H2, §1]. Specifically, if f PM8 with
f “
8ÿ
k“0
fk Ă OJqK
where fk PMkpΓ1qO, then
f |Tp :“
8ÿ
k“0
fk|Tp Ă OJqK.
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Let
f2 “ v2,1pFθj ,ψj ;tj q PM2pNpq
ord
O
f0 “ a0pv2,1pFθj,ψj ;tj qq PM0pNpqO.
We know that f0 ” f2 pmodπq. Furthermore, since the Hecke action commutes with the
specialization map v2,1, we know that
f2|Tp “ v2,1pFθj ,ψj ;tj |Tpq “ f2 ` v2,1pFpq ” f2 pmodπq.
Hence,
pp´ 1qf0 ”π pf0 ´ f2 ”π f0|Tp ´ f2|Tp ”π pf0 ´ f2q|Tp ” 0 pmod πq.
However, pp ´ 1qf0 P O
ˆ, which gives us our contradiction. Hence, Qj P Λ
ˆ. Since j was
arbitrary, we have the result. 
5.1. Universal ordinary cuspidal Hecke algebra modulo Eisenstein ideal. For this
subsection we suppose Eθ,ψ P MΛ. Furthermore, we assume that MθMψ “ N or Np, making
Eθ,ψ a normalized common eigenform for HΛ.
Proposition 5.6. Let Iθ,ψ denote the image of AnnHΛpEθ,ψq in hΛ. Then we have the following
isomorphism of Λ-algebras
hΛ{Iθ,ψ – Λ{pAθ,ψq.
Proof. Let Gθ,ψ be the cusp form associated to the Eisenstein series Eθ,ψ by (5.1). Consider the
map hΛ Ñ Λ{pAθ,ψq defined by
H ÞÑ a1pGθ,ψ|Hq pmodAθ,ψq.(5.2)
Note that a1pGθ,ψ|Hq ” a1pEθ,ψ|H˜q pmodAθ,ψq for any lift H˜ ofH to HΛ. From this congruence
and the fact that Eθ,ψ is a normalized common eigenform for HΛ, we know that the map (5.2)
is a surjective Λ-algebra homomorphism. Furthermore, it is clear that Iθ,ψ is contained in the
kernel of this map.
Suppose H lies in the kernel. Then a1pEθ,ψ|H˜q P pAθ,ψq, where H˜ is any lift of H to HΛ. By
Theorem 5.5 we know that there exists a Hecke operator B0 P HΛ such that a1pFθ,ψ|B0q “ 1
with a1pF |B0q “ 0 for all F P SΛ. This implies a1pEθ,ψ|B0q “ Aθ,ψ. Set
H˜ 1 “ H˜ ´
a1pEθ,ψ|H˜q
Aθ,ψ
B0.
Then by construction H˜ 1 P AnnHΛpEθ,ψq and H˜
1 ÞÑ H under the natural projection HΛ ։
hΛ. 
6. Eichler-Shimura cohomology groups and the Iwasawa main conjecture
Set O “ Zprθ, ψs. For this section we will assume that Eθ,ψ P MΛ with MθMψ “ N or Np
and Aθ,ψ R Λ
ˆ. We assume the former so that Eθ,ψ is a normalized common eigenform for HΛ,
while the latter is assumed to ensure hΛ ‰ Iθ,ψ. In this section we will use the isomorphism
hΛ{Iθ,ψ – Λ{pAθ,ψq to extend Otha’s proof of the Iwasawa main conjecture over Q. We begin
by introducing the p-adic Eichler-Shimura cohomology groups and their basic properties.
Let X1pNrq denote the canonical model of ΓrzH
˚ (H˚ :“ HYQYt8u) over Q in which the
cusp at infinity is Q-rational.
Definition 6.1. The p-adic Eichler-Shimura cohomology group of level N is defined to be
T “
ˆ
limÐÝ
r
H1e´tpX1pNp
rq bQ Q,Zpq
ord
˙pbZpO
where the projective limit is taken with respect to the trace mappings of e´tale cohomology groups.
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There are natural actions of GQ and h
˚
Λ on T , and these actions commute with one another.
Furthermore, TQpΛq is a free h
˚
QpΛq-module of rank 2, where h
˚
QpΛq :“ h
˚
Λ bΛ QpΛq [O2, Lemma
5.1.2]. Therefore, we have a Galois representation ρ : GQ Ñ GL2ph
˚
QpΛqq, and one can show
that this representation satisfies the usual Eichler-Shimura relations [O2, Theorem 5.1.5]: If
ℓ ∤ Np is a prime and Φℓ P GQ is a geometric Frobenius at ℓ, we have
detp1 ´ ρpΦℓqXq “ 1´ T
˚
ℓ X ` ℓT
˚
ℓ,ℓX
2.
Let χp : GQ Ñ Z
ˆ
p denote the p-adic cyclotomic character. Then for all primes ℓ ∤ Np,
we have χppΦℓq “ ℓ
´1 while ιpℓq acts on h˚Λ as multiplication by T
˚
ℓ,ℓ. This implies that
det pρpΦℓqq “ χppΦℓq
´1ιpχppΦℓqq
´1, which in turn implies detpρpσqq “ χppσq
´1ιpχppσq
´1q for
all σ P GQ by the Cˇebotarev density theorem.
6.1. The method of Kurihara and Harder-Pink. In this section we employ the method
of Kurihara [Ku] and Harder-Pink [HP] to construct an abelian pro-p extension L{F8 from the
representation ρ.
Proposition 6.2 ([O3], Corollary 1.3.8). We have the following exact sequence of h˚Λ-modules:
0 ÝÝÝÝÑ T` ÝÝÝÝÑ T ÝÝÝÝÑ T {T` ÝÝÝÝÑ 0.
where T` :“ T
Ip . Furthermore, σ P Ip acts on T {T` by χppσq
´1ιpχppσqq
´1.
Let σ0 P Ip be an element satisfying σ0pζq “ ζ
1`p “ ζu for all primitive p-power roots of
unity ζ P Q. Then the action of σ0 on the quotient T {T` is given by u
´1p1 ` Xq´1. Set
S “ u´1p1`Xq´1 ´ 1 and define
T´ “ tx P T : σ0 ¨ x “ pS ` 1qxu .
Since the action of GQp commutes with the action of h
˚
Λ, we know that T´ is an h
˚
Λ-module.
For a Λ-module M , we set MS “ M bΛ ΛrS
´1s. One can show that TS is a direct sum of the
h˚Λ,S-modules T´,S and T`,S .
Proposition 6.3 ([O2], Lemma 5.1.3.). T´,QpΛq, T`,QpΛq are free h
˚
QpΛq-modules of rank 1.
Fixing h˚
QpΛq-bases for T´,QpΛq and T`,QpΛq (in that order), we write
ρpσq “
ˆ
apσq bpσq
cpσq dpσq
˙
.
Let B and C denote the h˚Λ,S-submodules of h
˚
QpΛq generated by the sets tbpσq : σ P GQu and
tcpσq : σ P GQu, respectively.
Proposition 6.4 ([O4], Lemma 3.3.6.). B and C are faithful h˚Λ,S-modules.
Let I˚ denote the image of I :“ Iθ,ψ :“ AnnHΛpEθ,ψq under the natural isomorphism induced
by H ÞÑ H˚. For later reference, we note that I˚ is the ideal of H˚Λ generated by
T ˚d,d ´ pθψqpdqp1 `Xq
spdq integers d ą 0 prime to Np(6.1)
T ˚ℓ ´ θpℓqℓp1`Xq
spℓq ´ ψpℓq primes ℓ ‰ p(6.2)
T ˚p ´ ψppq.(6.3)
Let I˚ denote the image of I˚ in h˚Λ and define the map ρ˜ by
σ P GQ ÞÑ
ˆ
apσq bpσq
0 dpσq
˙
,
where the bar indicates reduction modulo I˚S . As the next proposition shows, this map is a
Galois representation.
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Proposition 6.5 ([O3], Lemma 3.3.5). For any σ, τ P GQ we have apσq, dpσq, bpσqcpτq P h
˚
Λ,S
with
apσq ” θp´2pσq
´1rχppσqs
´1ιprχppσqsq
´1 pmod I˚S q
dpσq ” ψ0pσq
´1 pmod I˚S q
bpσqcpτq ” 0 pmod I˚S q.
We now use the representation ρ˜ to construct our abelian pro-p extension of F8. Set
F0 :“ the field corresponding to tσ P GQ : apσq ” 1 ” dpσqu
L0 :“ the field corresponding to kerpρ˜q,
L :“ L0F8
Then we have an injection of abelian groups
GalpL0{F0q ãÑ B{I
˚
SB : σ ÞÑ bpσq.
Clearly L0{F0 is abelian, and the fact that B{I
˚
SB is a finitely generated Λ-module implies that
GalpL0{F0q is pro-p. By Proposition 6.5 we see that F Ď F0 Ď F8. Considering the definition
of ρ˜, we see that L0{F0 is unramified at p. However, we know F8{F is totally ramified at p,
which implies L0 X F8 “ F0. Therefore, GalpL0{F0q “ GalpL0{L0 X F8q – GalpL{F8q, and
we see that L{F8 is an abelian pro-p extension.
6.2. An isomorphism of the Iwasawa modules. The isomorphism between GalpL{F8q and
GalpL0{F0q implies that we have an injection
GalpL{F8q ãÑ B{I
˚
SB.(6.4)
In this subsection, we will show this injection induces an isomorphism of Iwasawa modules.
Recall that GalpF8{Qq – ∆ ˆ Γ acts on GalpL{F8q by conjugation, and the fact that the
extension L{F8 is abelian and pro-p implies GalpL{F8q is a module over the Iwasawa algebra
Zpr∆sJΓK. We want to identify Zpr∆sJΓK with Zpr∆sJXK in a particular way. Recall that there
is a natural isomorphism U1 – Zp – Γ “ GalpF8{F q. Let γ0 P Γ correspond to u P U1. Then
γ0 is a topological generator of Γ and rχppγ0qs “ u. We then identify Zpr∆sJΓK with Zpr∆sJXK
by
γ0 ÞÑ rχppγ0qs “ u ÞÑ 1`X.
With the above identificiation, one can show by direct computation that the Zpr∆sJXK action
on GalpL{F8q commutes with the injection (6.4) as follows [O2, §5.3]: for σ P GalpL{F8q and
δ P ∆ we have
δ ¨ σ ÞÑ ξ1pδq ¨ bpσq
X ¨ σ ÞÑ S ¨ bpσq.
Consequently, GalpL{F8q is a Λξ-module on which ∆ acts via ξ1.
Let pB{I˚SBq
: denote the ΛrX´1s-module obtained from B{I˚SB by twisting the ΛrS
´1s-
module structure by the involutive O-module automorphism of Λ given by X ÞÑ S (i.e. X acts
on pB{I˚SBq
: as multiplication by S).
Proposition 6.6 ([O3], Lemma 3.3.11.). The injection p6.4 q induces an isomorphism of
ΛrX´1s-modules GalpL{F8q bΛξ ΛrX
´1s – pB{I˚SBq
:.
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6.3. Ramification in L{F8. In this subsection, we will use the Λξ-module structure of GalpL{F8q
to characterize the ramification occurring in L{F8.
Let ℓ ‰ p be an arbitrary prime. It is well known that the prime ℓ will not split completely
in the cyclotomic Zp-extension F8{F . Hence, there are only finitely many primes l1, . . . , lm of
F8 lying above ℓ. Consider the subgroup Gℓ Ă GalpL{F8q generated by the inertia subgroups
Ili for 1 ď i ď m. Let us call the corresponding fixed field Kℓ. Then Kℓ{F8 is the maximal
subextension of L{F8 in which all of the li are unramified. Of primary interest to us will be
the group GalpL{Kℓq “ Gℓ.
Lemma 6.7 ([O4], Lemma A.2.1). The Galois group GalpL{Kℓq is a cyclic Λξ-module anni-
hilated by bℓpXq :“ p1`Xq
spℓq ´ ξ´11 pℓqℓ.
Lemma 6.8. If ℓ ∤ N or ξ2pℓq is not a p-power root of unity, then ℓ is unramified in L{F8.
Proof. Recall that ρ˜ is unramified outside of Np, and bpσq “ 0 for σ P Ip. Therefore, the
injectivity of the map GalpL{F8q ãÑ B{I
˚
SB implies that L{F8 is unramified outside of N . On
the other hand, if ξ2pℓq is not a p-power root of unity, we have
|1´ ξ´11 pℓqℓ|p “ |1´ ξ
´1
2 pℓqrℓs|p “ 1,
which implies bℓpXq P Λ
ˆ. This in turn implies that ℓ is unramified in L{F8, by Lemma 6.7. 
6.4. The Iwasawa main conjecture and the characteristic ideal of L{F8. In order to
prove the main conjecture and determine CharΛξ pGalpL{F8qq, we will employ the theory of
Fitting ideals. Let us quickly recall the definition and some of the basic properties of these
ideals [MW, Appendix].
Definition 6.9. Let R be a commutative ring and M an R-module of finite presentation. Take
any presentation of M ,
Rm
ϕ
ÝÝÑ Rn ÝÑM ÝÑ 0.
The p0thq Fitting ideal FittRpMq is defined to be the ideal of R generated by all nˆ n minors
of ϕ. This ideal is independent of the choice of presentation.
Proposition 6.10 ([MW], Appendix). For any finitely generated R-module M , the following
hold:
p1q If M ։M 1 is a surjection of R-modules, then FittRpMq Ď FittRpM
1q.
p2q If M is a faithful R-module, then FittRpMq “ 0.
p3q For any R-algebra R1, we have FittR1pM bR R
1q “ FittRpMq ¨R
1.
p4q If M is a direct sum of cyclic R-modules, say M “ R{a1ˆ¨ ¨ ¨ˆR{at), then FittRpMq “
a1 ¨ ¨ ¨ ¨ ¨ at.
We are now ready to prove the Iwasawa main conjecture over Q. The following proof is
based on the method of Ohta [O3].
Theorem 6.11 (The Iwasawa main conjecture over Q). We have the following equality of
ideals
CharΛξpX8,ξ1q “ pF pX, ξ
´1
2 qq.
Proof. By a well known consequence of the analytic class number formula, it suffices to show
CharΛξ pX8,ξ1q Ď pF pX, ξ
´1
2 qq
[MW, p. 207]. In order to make the proof of this inclusion more manageable, we will make
two claims from which the above inclusion follows easily. Once this is done, we will go about
proving these claims.
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Let Lun{F8 be the maximal unramified subextension of L{F8, and define
A˜ “
¨˚
˚˝ ź
ℓ|fθfψ
ℓ∤fξ
bℓpXq
‹˛‹‚¨ F pX, ξ´12 q.
Note that A˜ is a unit multiple of the image of A “ Aθ,ψ under the isomorphism induced by
X ÞÑ S.
Claim 1:
¨˚
˚˝ź
ℓ|N
ℓ∤fξ
bℓpXq
‹˛‹‚¨CharΛξpGalpLun{F8qq Ď CharΛξ pGalpL{F8qq.
Claim 2: Xm ¨CharΛξpGalpL{F8qq Ď pA˜q for some integer m ě 0.
Putting these two claims together, we get the following inclusion
Xm ¨
¨˚
˚˝ ź
ℓ|N
ℓ∤fθfψ
bℓpXq
‹˛‹‚CharΛξpGalpLun{F8qq Ď pF pX, ξ´12 qq.(6.5)
We know that Lun{F8 is an unramified pro-p abelian extension on which ∆ acts via ξ1, which
implies GalpLun{F8q is a quotient of X8,ξ1 . Therefore, we have the following inclusion of
characteristic ideals
CharΛξpX8,ξ1q Ď CharΛξpGalpL
un{F8qq.
[Wa, Proposition 15.22]. Putting this together with (6.5) we get
Xm ¨
¨˚
˚˝ ź
ℓ|N
ℓ∤fθfψ
bℓpXq
‹˛‹‚CharΛξpX8,ξ1q Ď pF pX, ξ´12 qq.
A well-known result of Ferrero-Greenberg tells us that the power of X dividing the generator
of CharΛξpX8,ξ1q is equal to that dividing F pX, ξ
´1
2 q [FG, §4]. In fact, this power is 1 precisely
when the pair pθ0, ψ0q is exceptional. Hence, the above inclusion holds with m “ 0.
It will now suffice to show gcdpbℓpXq, F pX, ξ
´1
2 qq “ 1. Recall from the proof of Lemma 6.8
that bℓpXq is a unit if ξ
´1
2 pℓq is not a p-power root of unity. Suppose ξ
´1
2 pℓq is a p-power root
of unity. Then any root of bℓpXq must be of the form uζ ´ 1 where ζ satisfies ζ
spℓq “ ξ´12 pℓq
(here we’re using the fact that uspℓq “ rℓs). Clearly ζ is a root of unity. By the same argument
referenced above, we know that if ζ is not a p-power root of unity, then uζ ´ 1 is a unit, albeit
possibly in some finite extension of Oξ. However, this would imply that the minimal polynomial
of uζ ´ 1 in OξrXs is a unit in Λξ. Thus, we may assume that ζ is a p-power root of unity.
Evaluating F pX, ξ´12 q at uζ ´ 1 we get Lpp1, ξ
´1
2 ǫq, where ǫ P
xU1 satisfies ǫpuq “ ζ´1. However,
it is well known that Lpp1, ξ
´1
2 ǫq ‰ 0 [Wa, §5.5].
Proof of Claim 1: Let ℓ be a prime dividing N that does not divide fξ. By Lemma 6.8,
this is a necessary condition for the prime ℓ to ramify in L{F8. Consider the following exact
sequence of Λξ-modules,
0Ñ GalpL{Kℓq Ñ GalpL{F8q Ñ GalpKℓ{F8q Ñ 0.
By Lemma 6.7, we know that
bℓpXq ¨CharΛξpGalpKℓ{F8qq Ď CharΛξpGalpL{F8qq.
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Now, suppose ℓ1 ‰ ℓ is another prime dividing N that does not divide fξ. Then we have the
exact sequence
0Ñ GalpKℓ{pKℓ XKℓ1qq Ñ GalpKℓ{F8q Ñ GalppKℓ XKℓ1q{F8q Ñ 0.
Since GalpKℓ{pKℓ X Kℓ1qq – GalpKℓKℓ1{Kℓ1q with the latter being a quotient of GalpL{Kℓ1q,
Lemma 6.7 tells us
bℓ1pXq ¨ CharΛξpGalppKℓ XKℓ1q{F8qq Ď CharΛξpGalpKℓ{F8qq.
Letting Lur{F8 denote the maximal unramified subextension of L{F8 and repeating the above
argument, we get¨˚
˚˝ź
ℓ|N
ℓ∤fξ
bℓpXq
‹˛‹‚¨CharΛξpGalpLur{F8qq Ď CharΛξpGalpL{F8qq.
Proof of Claim 2: By Proposition 6.4, we know that B is a faithful h˚Λ,S-module. Therefore,
by Proposition 6.10 (2) and (3), we have Fitth˚
Λ,S
{I˚
S
pB{I˚SBq “ 0. We know that h
˚
Λ,S{I
˚
S –
ΛrS´1s{pAq as ΛrS´1s-modules by Proposition 5.6, so applying Proposition 6.10 (3) once more,
we get
FittΛrS´1spB{I
˚
SBq modA “ Fitth˚
Λ,S
{I˚
S
pB{I˚SBq “ 0.
This in turn implies FittΛrX´1sppB{I
˚
SBq
:q Ď pA˜q. By the isomorphism of Proposition 6.6 we
have
FittΛrX´1spGalpL{F8q bΛξ ΛrX
´1sq Ď pA˜q.
Now, we know that GalpL{F8q is a torsion Λξ-module since we have an injection of Λξ-
modules GalpL{F8q ãÑ B{I
˚
SB, and the latter is annihilated by A P Λξ. Suppose GalpL{F8q is
pseudo-isomorphic to
Àt
i“1 Λξ{pfiq. Tensoring with ΛrX
´1s will kill any finite Λξ-modules, so
we have
GalpL{F8q bΛξ ΛrX
´1s –
tà
i“1
ΛrX´1s{pfiq.
Therefore,
CharΛξ pGalpL{F8qq ¨ ΛrX
´1s “ CharΛrX´1s
`
GalpL{F8q bΛξ ΛrX
´1s
˘
“
˜
tź
i“1
PipXq
ei
¸
¨ ΛrX´1s “ FittΛrX´1spGalpL{F8q bΛξ ΛrX
´1sq Ď pA˜q,
which implies Xm ¨ CharΛξpGalpL{F8qq Ď pA˜q for some integer m ě 0. 
Corollary 6.12. Let A˜0 “ A˜{X if the pair pθ0, ψ0q is exceptional, with A˜0 “ A˜ otherwise.
Then CharΛξpGalpL{F8qq “ pA˜0q.
Proof. By Theorem 6.11 and its proof, we have the following inclusion¨˚
˚˝ ź
ℓ|N
ℓ∤fθfψ
bℓpXq
‹˛‹‚¨ pA˜q Ď CharΛξpGalpL{F8qq.(6.6)
The fact that h˚
QpΛq is a free and finitely generated QpΛq-module implies that B is a finitely
generated h˚Λ,S-module. Hence, we have a surjection`
ΛrS´1s{pAq
˘n
–
`
h˚Λ,S{I
˚
S
˘n
։ B{I˚SB,
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which implies
pA˜qn Ď CharΛrX´1sppB{I
˚
SBq
:q Ď CharΛξpGalpL{F8qq bΛξ ΛrX
´1s.
From the injection GalpL{F8q ãÑ pB{I
˚
SBq
:, we see that there are no elements of GalpL{F8q
annihilated by X . Therefore, X ∤ CharΛξpGalpL{F8qq and the above inclusion implies
pA˜qn Ď CharΛξpGalpL{F8qq.(6.7)
In the remarks preceding the proof of Claim 1, it was shown that bℓpXq and F pX, ξ
´1
2 q are
coprime. Therefore, by (6.6) and (6.7) we have pA˜q Ď CharΛξ pGalpL{F8qq. Combining this
with the result of Ferrero-Greenberg and Claim 2 from the proof of Theorem 6.11 we obtain
the desired result. 
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